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Abstract. The aim of this paper is to construct comodules of Uq{sl2) and 
modules of SLq{2) via quiver, where q is not a root of unity. 

By embedding Uq{sl2) into the path coalgebra k'D'^, where V is the Gabriel 
quiver of Uq{sl2) as a coalgebra, we obtain a basis of Uq{sl2) in terms of 
combinations of paths in the quiver "D; this special basis enable us to describe 
the category of (7q(s/2)-comodules by certain representations of "D; and this 
description further permits us to construct a class of modules of SLq{2), from 
certain representations of "D, via the duality between Uq{sl2) and SLq{2). 

1. Introduction 

Drinfeld [Dr] has established a duality, between the quantized enveloping algebra 
Uqish) and the quantum deformation SLq(2) of the regular function ring on SL2 
(see [K], VII). This has been extended between Uq{sln) and SLq{n) by Takeuchi 
[T]. Therefore, any J7g(s/„)-comodule (resp. S'Lq (n)-comodule) can be endowed 
with a S'Lq(n)-module structure (resp. a Uq[sln)-'ra.oA\i\e), in a canonical way (see 
e.g. (5.1) below). However, this duality does not give t/q(s?„)-comodules (resp. 
S'iq(rt)-comodules) from S'Lg(n)-modules (resp. Uq{sln)-'a^odvles). 

Modules of Uq{g) have been extensively studied (see e.g. [L], [Ro], [J]), and 
it depends on q: when q is not a root of unity, any finite-dimensional module is 
semi-simple, and the finite-dimensional simple module is a deformation of a finite- 
dimensional simple g- module. Another thing of Uq{g) which depends on q is its 
coradical filtration ([Bo], [CMus], [Ml], [Mii]): when q is not a root of unity, the 
graded coalgebra Uq{g) is coradically graded. 
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The study of S'Lg(n)-coinodules can be also founded, e.g. in [PW], [CK] (see 
also [G]). However there are few works on C/g(s/„)-comodules. A possible reason of 
this lack might be that there are no proper tools to construct l7g(sZ„)-comodules. 
The aim of the present paper is to understand the [7g(sZ2)-comodules by using the 
quiver techniques. 

In the representation theory of algebras, quiver is a basic technique (see [ARS], 
[Rin]). Recently, it also shows powers in studying coalgcbras and Hopf algebras. 
For example, one can construct path coalgebras of quivers, define the Gabriel quiver 
of a coalgebra, and embed a pointed coalgebra into the path coalgebra of its Gabriel 
quiver (sec [CMont], [M3], [GHZ]); after this embedding one can expect to study 
the comodules of the coalgebra by certain locally-nilpotent representations of the 
quiver (see [C]); and this makes it possible to see the morphisms, the extensions, and 
even the Auslandcr-Rcitcn sequences (sec e.g. [Sim]). One can also start from the 
Hopf quivers of groups to construct non-commutative, non-cocommutative pointed 
Hopf algebras (see [GR]); this makes it possible to classify some Hopf algebras by 
quivers, whose bases can be explicitly given (see e.g. [GHYZ], [OZ]). 

Inspired by these ideas, in this paper, we construct comodules of Uq{sl2) and 
modules of SLq(2) via quiver, where q is not a root of unity. By embedding the 
quantized algebra Uq{sl2) into the path coalgebra kV^, where V is the Gabriel 
quiver of Uq{sl2) as a coalgebra, we obtain a basis of Uq{sl2) in terms of combi- 
nations of paths in the quiver V (Theorem 3.5); this special basis enables us to 
describe the category of [7^(5^2 )-comodules by certain locally-nilpotent representa- 
tions of V (Theorem 4.3); in particular, we can list all the indecomposable Schurian 
comodules of Uq{sl2) (Theorem 4.7); and this description further permits us to con- 
struct a class of modules of the quantum special linear group SLq{2), from certain 
locally-nilpotent representations of V, via the duality between Uq{sl2) and SLq{2) 
(Theorem 5.2). 

2. Preliminaries 

Throughout this paper, let k denote a field of characteristic zero, and q a non- 
zero element in k with q^ ^ 1. For a fc-space V, let V* denote the dual space. 
Denote by Z and No the sets of integers and of non- negative integers, respectively. 

2.1. By definition Uq{sl2) is an associative fc-algebra generated by E,F,K,K~^, 
with relations (see e.g. [K], p. 122, or [J], p. 9) 

KK-^ = R-^K = 1, 

KEK-^ = q^E, KFR-'^ = q-'^F, 

q-q 1 



Then Uq{sl2) has a Hopf structure with (see e.g. [K], p. 140) 
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A{E) = 1®E + E(^K, A{F)^K-^®F + F(S)1, 

A{K) = K®K, A{K-^) = K-'^ ^ K-\ 

e{E)=e{F)=0, s{K) = e{K-'^) = 1, 

S{K) = K-\ S{K-'^) = K, S{E) = -EK-\ S{F) = -KF. 

Note that Uq{sl2) is a Noetherian algebra without zero divisors, and it has a basis 

{K^E'F^ \i,j>0,l€Z} (see e.g. [K], p.l23). 

By definition SLg{2) is an associative fc-algebra generated by a,b,c,d, with re- 
lations (see e.g. [K], p. 84) 

ba = qab, db = qbd, ca = qac, dc = qcd, be = cb, 
ad — da= {q~^ — q)bc, da — qbc = 1. 
Then SLq{2) has a Hopf structure with (see e.g. [K], p. 84) 

A{a) =a^a + b(g)c, A{b) ^ a (g) b + b (g) d, 

A{c) ^ c (g) a + d (g) c, A{d) cg)b + dg)d, 

e(a) = e{d) = 1, e{b) = e{c) = 0, 

S{a) = d, S{b) = -qb, S{c) = -q~^c, S{d) = a. 

2.2. By definition a duality between two Hopf algebras U and H is an algebra map 
tp : H — > U* , such that (p ■ U — > H* is also an algebra map and has the property 

M.x){Su{u))=cI){u){Sh{x)) 
for all u G U,x € H, where (j) is defined by 

(l){u){x) = V'(a;)(u), 
and Su and Sh are respectively the antipodes of U and H. 

Suppose that there exists a duality between U and H. Then there also exists a 
duality between H and U ; and each [/-comodule can be endowed with an if-module 
structure, and also each /f-comodule can be endowed with a iJ-module. 

We have the following well-known duality between Uq{sl2) and SLq{2). See 
Theorem VII.4.4 in [K]. 

Lemma 2.3. There is a unique algebra map tjj '■ SLq{2) — > Uq{sl2)* sueh that 

i,{a){K'E'F^) = S.^oSjW + ki^j,iq\ i,{b){K' E' F^) = SisS.W, 

i;{c){K'E'Fi) ^ S,,oSj.iq-', i,{d){K'E'F^) = 6,^oSjM'': 

where 6ij is the Kronecker symbol. This ip is a duality between Uq{sl2) and SLq{2). 

Note that such a is not injective. This duality was essentially introduced in 
[Dr], and has been extended to be a duality between Uq{sln) and SLq{n) in [T]. 
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2.4. A quiver Q ~ {Qo,Qi, s,t) is a datum, where Q is an oriented graph with 
Qo the set of vertices and Qi the set of arrows, s and t are two maps from Qi to 
Qo, such that s(a) and t{a) are respectively the starting vertex and terminating 
vertex of a e Qi. A path p of length Hn Q is a sequence p = ai - ■ ■ a2ai of arrows 
di, 1 < « < ^5 such that t{ai) = s{ai^i) for 1 < i < I — 1. A vertex is regarded as 
a path of length 0. Denote by s{p) and t{p) the starting vertex and terminating 
vertex of p, respectively. Then s{p) = s{ai) and t{p) = t{ai). If both Qo and Qi are 
finite sets, then Q is called a finite quiver. We will not restrict ourselves to finite 
quivers, but we assume the quivers considered are countable (i.e., both Qq and Qi 
are countable sets). For quiver method to representations of algebras we refer to 
[ARS] and [Rin]. 

Given a quiver Q, define the path coalgebra kQ'^ (see [CMon]) as follows: the 
underlying space has a basis the set of all paths in Q, and the coalgebra structure 
is given by 

A(p) = ^ /3 a 

/3a=p 

and 

e{p) = if ; > 1, and e{p) = 1 if ^ = 
for each path p of length I. 

2.5. By a graded coalgebra we mean a coalgebra C with decomposition C = 
C{n) of fc-spaces such that 

A(C(n)) C C{i) (g) C{j), e(C(n)) =0, V n > 1. 

i+j=n 

Let C be a coalgebra. Following [Sw], the wedge of two subspaces V and W of 
C is defined to be the subspace 

V AW — {ceC \ A(c) gV^C + C^W}. 

Let Co be the coradical of C, i.e., Co is the sum of all simple subcoalgebras of C. 
Define C„ := Co A C„_i for n > 1. Then {C„}„>o is called the coradical filtration 
of C. 

Recall that a graded coalgebra C = Q C(n) is said to be coradically graded, 

n>0 

provided that {C'„ := C(i)}„>o is exactly the coradical filtration of C. It was 

i<n 

proved in [CMus], 2.2, that a graded coalgebra C = C(n) is coradically graded 

n>0 

if and only if Co = C(0) and Ci = C(0) © C(l). 

2.6. Let M be a C-C-bicomodulc over a coalgebra C. Denote by Cotc(M) the 
corresponding cotensor coalgebra (see [D] for the definition and basic properties). 
This is a graded coalgebra with 0-th component C and 1-th component M. By 

Proposition 11.1.1 in [Sw], the coradical of Cotc(M) is contained in C. It follows 
that Cotc(M) is coradically graded if and only if C is coscmisimple. 

Note that a path coalgebra kQ'^ is graded with the length grading, and it is 
coradically graded, and kQ^ ~ CotkQo{kQi) (see [CMon], or [CR]). 
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Wc need the following observation. 
Proposition 2.7. Let C = C'(n) be a graded coalgehra. Then 

n>0 

(i) There is a unique graded coalgebra map 9 : C — »■ Cotc(o)(C(l)) such that 
e\cii)=Idfori = Q,l. 

(a) 9{x) = 7r®"+io A" (x) /or a?/x e C(n + 1) and n > 1, where it : C >C{1) 

is the projection, and A" = {Id ® A"~^) o A for all n>l, with A° = Id. 

(Hi) If C is coradically graded, then 9 is injective. 

(iv) If C{0) is cosemisimple, and 9 is injective, then C is coradically graded. 

Proof Clearly, C(0) is a subcoalgebra and C(l) is naturally a C(0)-C(0)-bicomodule, 
and hence we have the corresponding cotensor coalgebra Cotc{o){C(\)). The state- 
ments (i) and (ii) follow from the universal property of a cotensor coalgebra (see 
e.g. [Rad], or [CR]). 

For the statement (iii), if C is coradically graded, then Ci = C(0) © C{1). 
It follows that 9\ci is injective, and hence 9 is injective, by a theorem due to 
Heynemann and Radford (see e.g. [M2], 5.3.1). 

If C(0) is cosemisimple, then Cotc(o) (C(l)) is coradically graded. The injectivity 
of 9 imphes that C is a graded subcoalgebra of Cotc(o)(C(l)). Thus C is also 
coradically graded. ■ 

2.8. Consider a special case of Proposition 2.7 where C(0) is a group-like coalge- 
bra (i.e., it has a basis consisting of group-like elements; or equivalently, C(0) is 
cosemisimple and pointed). In this case we have C(0) = kG{C), where 

G{C) := {gGC\A{g)=g^g,e{g) = l}. 

Since C(l) is a C(0)-C(0)-bicomodule, it follows that 

c(i) = '^c{ir, 

g,heG 

where '*C(1)^ = {c e C(l) | A(c) = c(S g + c}. Define a quiver Q = Q{C) 
as follows: the set of vertices is G, and there are exactly tg^ arrows from vertex 
g to vertex h, where tgh = dim^ ^C{lY . Then by the universal property of a 
cotensor coalgebra (and hence of a path coalgebra), there is a coalgebra isomorphism 
Cotc(o) (C(l)) ~ fcQ^, by identifying the elements of G(C) with the vertices of Q 
and a basis of ''G(l)^ with the arrows from g to h. 

Note that the quiver Q{C) is in general not the Gabriel quiver of C. If the graded 
coalgebra C = (Bn>oC{n) is coradically graded, then Q{C) is exactly the Gabriel 
quiver of C. For the equivalent definitions of the Gabriel quiver of a coalgebra we 
refer to [CHZ], Section 2 (see also [CMon], [M3], and [Sim]). By Proposition 2.7 
we have 

Corollary 2.9. Assume that C = ^ C{n) is a graded coalgebra with C{0) 

n>0 

group-like. Let Q{C) be the quiver associated to C defined as above. Then 
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(i) There is a graded coalgebra map 9 : C — > kQ{C'Y'. 

(a) 9 is injective if and only if C is coradically graded. In this case, Q{C) is 
exactly the Gabriel quiver of C. 

3. Uq{sl2) as a subcoalgebra of a path coalgebra 

In this section, we embed Uq{sl2) into the path coalgebra of the Gabriel quiver 
V of Uq{sl2), and then give a set of basis of Uq{sl2) in terms of combinations of 
paths in D, where q is not a root of unity. 

Although bases of Uq{sl2) are already available, but this new set of basis of 
Uq{sl2) given here, which is in terms of combinations of paths in T), will enable us 
to describe the category of J7g(sZ2)-comodules, in terms of fc-representations of the 
quiver D. 

3.1. For each non-negative integer n, let C{n) be the subspace of Uq{sl2) with basis 
the set [K^E^F^ | j g Nq, i + j = n, ? e Z}. Then 

Uq{sl2)=^C{n) 

n>0 

is a graded coalgebra (see for example Proposition VII. 1.3 in [K]) with 

G{Uq{sl2)) = {K^ \ le Z}, and C(0) =^kKK 
We have in C(l) 

A{K^-'^E) = K^-^ (g) K^-^E + K^-^E ® K\ 
A{K^F) =^ if'-i ® K^F + K^F ® KK 
Note that C(l) has a set of basis { K^E, K^F \ leZ}; 

^''C{lf'' =0 for (Zi,/2) 7^ (/,/-!), /eZ, 
and that for each Z G Z we have 

^'"'C(l)^' = kK^-'^E e kK^F, I e Z. 
Therefore, the quiver of Uq{sl2) as defined in 2.8 is of the form 



We will denote this quiver by V in this paper. 

3.2. Wc fix some notations. Index the vertices of T) by integers, i.e., Pq = {e; | ' £ 
Z}; there are two arrows from e; to e(_i for each integer I. Put / — {1, —1} and let 
J" be the Cartesian product (understand /° := {0}). Define X = (J 7". For each 

n>0 
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■y e I, define |ti| = n if w G Write v a,s v — {vi, ■ ■ ■ , w„), wfiere Vj = 1 or — 1 for 
each j. For any integer I and v £l, define 

Fi = a\y\ ■ ■ ■a2ai 

to be the concatenated path in V starting at e; of length \v\, where the arrow aj is 
the upper arrow if vj = 1, and the lower one if otherwise, 1 < j < \v\. 

For example, P/°^ is understood to be the vertex e;; p/^' (resp. is the 

upper (resp. lower) arrows starting at the vertex e; in V. Clearly, 

is the set of all paths in T>. 

As an application of Corollary 2.9 we have 

Lemma 3.3. There is a unique graded eoalgebra map 9 : Uq{sl2) — > kD'^ such 
that e{K^) = ei, e{K^-^E) = p[^\ and 9{K^F) = pI~^\ for each integer I. 

Moreover, if q is not a root of unity, then is injective. In this case, V is the 
Gabriel quiver of the eoalgebra Uq{sl2)- 

Proof The existence of 6 follows directly from Corollary 2.9, and the uniqueness 

follows from the universal property of a path eoalgebra. Note that if q is not a root 
of unity, then the graded eoalgebra Uq(sl2) = C(n) is coradically graded (see 

[Ml], or [M2], Question 5.5.6). ■ 
3.4. For w G 7" c J, put 

2 t 

T,:^{t\l<t<n, vt = l}, x{v) ■= q '^^^ , if n > 1, 7^ 0; 
X(f ) : = 1, otherwise. 

For each Z G Z, n G No, < i < n, set 

b{l,n,i):= x{v)Pt^^kV^- 

For example, we have 

6(/,0,0) = e,, 6(/,l,0) = P/"- 

6(;,2,0) = P/-^'-^\ 6(l,2,2) = g6p( 
bil,2,l) = q'Pl''-'^+q'Pt'''\ 

The main theorem of this section is 

Theorem 3.5. Assume that q is a not a root of unity. Then as a eoalgebra Uq{sl2) 
is isomorphic to the subcoalgebra of kV^ with the set of basis 



6(l,l,l) = g2p( 



{b{l, n,i) \ <i <n, n e No, / G Z}. 
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For a non-zero element q in k, and non-negative integers n > m, the Gaussian 
binomial coefficient is defined to be 



n\ _ niq 
\mjg m\q{n-my.q 

where n!g := lg2g •• -rig, 0!g := 1, Hq := 1 + q -\ h 

Given a positive integer n, and two vectors s = {sq, si, . . . , Sn-i), r = (ro, ri, • ■ • , r„_i) G 
Nq with the property 

So > si > ■ ■ ■ > Sn-i, ro > ri > ■ ■ ■ > r„_i, 

set 



^ij \^n—lJql.\TlJq-2 \Tn—lJq-2 



Lemma 3.6. Put E' := K G Uq{sl2)- Then for any non-negative integers i 
and j, with n := i + j > 1, we have 

A"-l(ii''i;''F^) = c{s, r) /i:'-«i-'-ii;'^o-si^ro-ri ^ . . . 

where the sum runs over all the r and s with ,so = i and ro = j ■ 
Proof It suffices to prove the formula for n > 2. Note that 

A{E'') = A{E'y = {K-'^ ®E' + E' ^ ly 
= K~''E''-'' (S>E"K 

So 



A"-i(i;'*) = (/do A"-2)(^ ( * J K-'^E"-"' ^E"') 



si=0 1 



^ ( M K-'^E"-"^ (g) A"-2(^'si)_ 



By induction we have 



0<,5„_1<,S„_2; 



Similarly, we have 
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X-'Ti F^-n (g) ^-r-2^ri-r2 (g, . . . ^ ^r„-2-r„-i ^g, prn-i _ 

Now the formula follows from A"'-^{K^E"F^) = A"-i(if')A"-i(£;'*)A"-i(i^J) 
and the identity 

3.7. Proof of Theorem 3.5: Since q is not a root of unity, it follows from 
Lemma 3.3 that there is a coalgebra embedding 6 : Uq{sl2) — > kV^. Put E' := 
K-^E. Then { K^E''F^ | i,i e No, Z G Z } is a basis of ?7g(s/2). Note that 

e{K^) = ei, 0{K^E') = p/'\ eiK^F) = p/"'\ 
Denote by n the projection Uq{sl2) — > C'(l) — kT>i. Then 

7r(ii:'-ii;) = P/'\ 7t{K^F) = p/-'\ n{K^E''F^) =0 for i + j > 2. 
By Proposition 2.7(ii) we have 

e{K'E''F^) = TT®" o A"-^(/f'i;''PJ) 

where n = i + j, and both i and j are positive integers. By Lemma 3.6 and the 
definition of tt we have 

e{K^E"F^) = c{s, r)7r(if '-"i-'^i£;"*''-"ip''o-'^i) • • • • 

• 7r(ii''-«''-i-'""-i ^'«n-2-s„_i^r„_2-r„_i^ , ^{K^ E'^"-'^ F'^"-'^) 

where the dot means the concatenation of paths, and the sum runs over all the 
vectors s = {so,si,--- ,s„_i), r = (rcn,-- • ,r„_i) e Ng", with 

i = so>si> ■■■> Sn-i, i = ro > ri > • • • > r„_i, 
such that for each t, 1 <t < n, either 

st-i -st = l, n-i -rt = 0, 

or 

st-i - St = 0, rt-i -rt = l, 
where ,s„ and r„ are understood to be zero. 

Now, for such a pair (s, r), define v = {vi, ■ ■ ■ , Vn) G /" as follows: 
Vn-t+i = 1, if st-i -st = l, n-i -rt = 0; 

and 

Vn-t+i = -1, if Sf-1 - s* = 0, rf_i - rt = 1, 
for 1 < f < n. Write (s,r) as (s,r) = (s^jT^). 
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Since (st-i + rt-i) ~ {st + rt) = 1 and s„ + r„ = 0, it follows that st+rt = n~t 
for 1 < f < n — 1. Therefore, we have 

Note that for s„ = {i = so,Si,--- ,s„_i), any number in the sequence i — 
si, ■■■ , s„_2 — -Sn-i. Sn-1 is either 1 or 0, and that the number of 1 in the 
sequence is exactly i. This implies 

*l/ g2 \Sn-lJ q2 

In order to compute c{sy, r^), let Ty = {ti, - • ■ , ti], with 1 < ti < • ■ • < < n. By 
an analysis on the components of 

Tv = {j = ro,-- - , Tn-ti, rn-U + l,- ' ■ , »'n-t(,_i) . " " " > , ' • • , Tn-l), 

we observe that r„_/, = r„_t.+i since = 1, and i = r"o, ■ • • , r"„_tj are pairwise 
different. It follows that 

rn-ti =j-n + ti. 

A similar analysis shows that 

rn-u = j - n + ta; + {i - x), x=l,---,i. 

It follows that 



^rt{st-i - St) = ^ n 

t=l l<t<n-l, v„-t+i=l 

= rn-ti H h r„_t, 



This shows 



and hence 



= {ti + ---+ti)- 



u6/", |T„|=i 

= i!g2i!,-.g-'('+i)&(/,n,j) (3.1) 
iov n = i+ j >2 and any integer I. Thus Uq{sl2) — OiUqi^sh)) is spanned by 

{6(Z, n, i) I < i < n, n e No, / G Z}, 
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while this set is obviously /c-linearly independent. This completes the proof. ■ 

4. Comodules of Uq{sl2) 

In this section, by applying Theorem 3.5 we will characterize the category of the 

Uq{sl2)-comod\ilcs in terms of the representations of the quiver D (sec Theorem 4.3), 
and then list all the indecomposable Schurian ?7g(s?2)-comodules (see Theorem 4.7), 
where q is not a root of unity. 

4.1. Let Q be a quiver (not necessarily finite). By definition a ^-representation of 
Q is a datum V = {Vg, fa', e € Qo, a e Qi), where Ve is a fc-space for each e £ Qo, 
and fa ■■ Vs{a) — *■ Vt(a) is a fc-linear map for each a € Qi. Set /j, := o • • • o 
for each path p = a; • • • ai, where each o, is an arrow, 1 < i < I. Set fe := Id for 
e G Qo- Then fp is a fc-linear map from ^^(p) to Vt(^p). A morphism (/) : {Ve, fa] e e 
Qo, a e Qi) — > (We, Qa', e € Qo, a G Qi) is a datum cj) = (^e; e G Qo) such that 

4>t{a)fa = 9a<Ps{a) 

for each a G Qi. Denote by Rep(fc,Q) the category of the fc-representations of Q. 
We refer the representations of quivers to [ARS] and [Rin]. 

A representation V = (Ve, fa', e £ Qo,a G Qi) is said to be locally-nilpotcnt, 
provided that for each e G Qo and each to G 14, there are only finitely many paths 
p starting at e such that fp{m) ^ 0. 

It was observed by Chin and Quinn that there is an equivalence between the 
category of the right fcQ'^-modules and the category of the locally-nilpotent repre- 
sentations of Q (see [C]). The functors can be seen from the following. 

For a right fcQ^-comodule (M, p), define for each e G Qo 
Me := {m G M I po{m) = m®e} 



where po ~ [Id (g) tto)/?, and ttq : kQ'^ — 
there is a unique fc-linear map fp : Mg(^p) 
there holds 



kQo is the projection. For every path p 
— > Mt(p), such that for each m G -Mg(p) 



s{p') = s(p) 

where p' runs over all the paths with s{p') = s{p). In this way we obtain a k- 
representation {Me, fa', e G Qo,a G Qi) of Q satisfying fp — fpfa for any path 
p = f3a. By construction it is clearly a locally-nilpotent representation. Note that 
M is a A;Qo-comodule with po- Since fcQo is group-like, it follows that we have a 
fcQo-comodule decomposition 

M = Me. (4.1) 

eeQa 

Conversely, given a locally-nilpotent representation V = {Ve, fa', e G Qo, ct G Qi) 
of Q, define 
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M := K 

eeQo 

and p:M — > M kQ" by 

p{m) := fp{m) (8)p 

s{p)=e 

for each m GVg (where fe is understood to be Id for e G Qo)- Then p is well-defined 
since V is locally-nilpotent and (M, p) is a right fcQ'^-comodule. 

4.2. Keep the notations in 3.2. Given a representation V = (V;,V^; e; G I>o,a e 
of the quiver D, define fj"^ := /p(„) , for each integer I and v In particular, 

//°^ = M 

With the help of the representations of a quiver and Theorem 3.5, we can describe 

the category of the comodulcs of Uq{sl2). 

Theorem 4.3. Assume that q is not a root of unity. Then there is an equiva- 
lence between the category of the right Uq{sl2)- comodulcs and the full subcategory 
of Rep{k,'D) whose objects V = {Vi, fa ■ e; e T>o, a e T>i) satisfies the following 

conditions: 

(i) fl'\ o //-'^ = q-'f^Ip o //I) for all I e Z. 

(ii) For any m &Vi, fi^\m) = for all but finitely many v & I. 

Proof By Theorem 3.5, as a coalgebra Uq{sl2) is isomorphic to the subcoalgebra 
C of path coalgebra kV^ with the set of basis 

{&(/, n, i) := x{v)Pi''^ \0<i<n, n e No, ? G Z}. 

vel"-, \T„\=i 

For a coalgebra C, let Ai'-^ denote the category of the right C-comodules. So we 
have the following embedding of categories 

_A4C^<,(«i2) ~ _A^c ^ j^kv- ^ Rep(fc,I?), 

where M'^ ^ M''^" since C is a subcoalgebra of kV^, and M''^" ^ Rep(/c,P) is 
the embedding described in 4.1. 

Now, the question is reduced to determine all locally-nilpotent fc-representations 
of quiver V which are right C-comodules, via the equivalence described in 4.1. 

It follows from the definition that a representation V = (Vi, fa ■ ei € T>o, a £ Vi) 
of quiver P is locally-nilpotent if and only if the condition (ii) is satisfied. Assume 
that such a F is locally-nilpotent, then M = VJ becomes a right fc'D'^-comodule 

via 

p(m) = Y fl''\m) ® -P/"-* eM^kV 

for all meVi, I gZ. 
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If for an arbitrary fixed m G Vi, i G Z, the element '^^^^ only depends on 
and \Tv\, then we can write 

neno 0<i<n vel" , |T„|=i '^^^ 

= 1: i: E xwp/") 

neNoO<i<n vel" , |T„|=i 

G M(8)C, 

and honco M bc'coincs a right C-comodule. Conversely, if M becomes a right C- 
comodule, then we have 

pM=E E E ^^xiv)p[^' 

neNoO<i<nveI", |T„|=i 

= E E E 

neNoO<i<n \T„\=i 

for some m(n, i) G M. Since 

{x(w)P/"^ I V e r\ \T„\=i, 0<i<n, n G No, le Z} 
is a set of basis of kV^, it follows that 

m(n,^) = ^, 

which implies that ' \ ' only depends on |t;| and |r„| for an arbitrary fixed m 



G 



Vi, «gz. 



Now, the condition (i) implies that for an arbitrary fixed m G V;, Z G Z, the 

f^^^ (m) 

element '^^^.^ only depends on and \Ty\. Conversely, by taking v = (—1,1) 
and v' = (1, —1) in I we obtain 

x((-i,i)) x((i,-i))' 

which is exactly the condition (i). This completes the proof. ■ 

Theorem 4.3 permits us to explicitly construct some J7g(s/2)-comodules. In the 
following q is not a root of unity. 

Example 4.4. Let A he the quantum plane generated by X and Y subject to 

the relation XY = q^YX . Let I be an integer and n a non-negative integer. Then 
for any A-module U one can define a representation V = V((,„,[/) of quiver T> as 
follows: 
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u, 


if I < j < I + n, 


Vj-= 


0, 


otherise; 


J 3 ■ 


= x, 


if l + l<j <l + n, 


/•(I) .. 


= 0, 


otherwise; 


J-(-l) 

J 3 


:=y, 


if l + l<j <l + n, 




:= 


otherwise. 



where I is any integer and n >0. Then by Theorem 4-3, V induces a right Uq{sl2)- 
comodule. 

Example 4.5. Let I be an integer and n a non-negative integer. 

(i) For each X € k, one can define a representation V of quiver V as follows: 

Vj := fc, tf I <j <l + n, 

Vj := 0, otherwise ; 

/f^=l, if l + l<j <l + n, 

/j^^ := 0, otherwise; 

/j-') := A9-2('+"-^) , if l + l<J<l + n, 

fj~^^ ■= 0, otherwise. 

Then by Theorem 4-3, V induces a right Uq{sl2)-comodule, which is denoted by 

l,n,\)- 

(ii) Consider the representation V of quiver V defined by: 



Vj :=k, if l<j <l + n, 

Vj := 0, otherwise ; 

ft := 0, V i e Z; 

/j"'^ := 1, Vj e Z. 

Then by Theorem 4-3, V induces a right Uq{sl2)-comodule, which is denoted by 

4.6. A finite-dimensional right C/q(sZ2)-comodule (M, p) is said to be Schurian, if 
dimfc Mj = 1 or for each integer j, whore Mj := {m € M \ {Id®'Ko)p{m) = m0ej} 
and TTo is the projection from kV^ to kV^. 

Theorem 4.7. When the triple {l,n, A) runs over Z x No x (fc U {oo}), M(^i^„ x) 
gives a complete list of all pairwise non-isomorphic, indecomposable Schurian right 
Uq{sl2)-comodules, where q is not a root of unity. 
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Proof Assume that M is an indecomposable Schurian right [/<j(sZ2)-comodule. 
Set Supp(M) := {j G Z | Mj / 0}. Let / and Z + n be the minimal and the 
maximal elements in Supp(M). Then Supp(M) C / + 1, • • • , I -\- n}. We claim 
that Supp(M) = {I, I + !,■■■ , l + n}. 

Otherwise, there exist a jo such that I < jo < l + n and jo ^ Supp(M). Then by 
(4.1) we have a A;X>o-comodule decomposition 

j<jo 3>3o 

Since Mj„ = 0, it follows that this is a fcP'^-comodulc decomposition, and hence it 
is also a J7g(s^2)-comodulc decomposition, which contradicts to the assumption. 

Note that each Mj is onc-dimcnsional for I < j < I + n. Set 

flj := /j^^ and bj ^ + 1 < J < ^ + n. 

Note that for each j, we have aj ^ or bj (otherwise, say ajg = bj„ = 0, then 
we again have a C/5(s?2)-comodule decomposition M = {®j<joMj) © (ffij>jo-^?))- 

By Theorem 4.3 wc have ajbj+i = q^bjaj^i for all j with Z + 1 < ) < / + n — 1. 
Now, if some bj^ = 0, then all bj = and all Uj ^ 0, and hence M is isomorphic 
to M(; „ o). If some aj^ = 0, then all aj = and all bj ^ 0, and hence M is 
isomorphic to M(; „.oc)- If dj ^ bj for all j, then M is isomorphic to M(^i^n,X) 

with A= -^g^ln-l)^ 

On the other hand, each M(^i^n,x) is indecomposable since its socle is of one 
dimension, and they are clearly pairwise non-isomorphic. ■ 



5. A class of 5Lq(2)-modules 

Theorem 4.3 characterizes the category of the right t/g(sZ2)-comodules by a full 
subcategory of the category of the ^-representations of V, where q is not a root of 
unity, and V is the Gabriel quiver of Uq{sl2) as a coalgebra. This permits us to 
construct some left 5'Lg(2)-modules from some representations of quiver V, via the 
duality between Uq{sl2) and SLq{2). 

5.1. Recall that the algebra homomorphism ij) : SLq{2) — > Uq{sl2)* in Lemma 
2.3 is given by 

i^{a)(K'E''F^) = S,^oS,m' + Si,iSj,iq'-\ i;ib){K'E''F^) = 6,,i6,,oq'-\ 
^P{c)iK'E"'F^) = 5i,o6j,iq-\ iP{d){K^E"F^) = 6i,o6j,oq-^, 

where E' = K'^E. 

Let {M,p) be a right f/g(s/2)-comodule. Then M becomes a left 5Lg(2)-module 

via 



x.m := 'y^^tp{x){mi)mo, 
for X e SLq{2), m € M, where p(m) = ^ mo ®m\ G M (g) Uq{sl2)- 



(5.1) 
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Let C be the subcoalgebra of fcP'' with the set of basis 

{b{l,n,i)= x{v)Pi'"U ^ < ^ < n, n G No, / G Z}. 

ue/", \Tv\=i 

Identifying Uq{sl2) with C via (3.1), we ean evaluate i){a), i^ih), ij){c) and i){d) on 
this set of basis of C via Lemma 2.3. Since 



_q 

t.g 

it follows that the list of the non-zero values is as follows 



b{l, n, i) = Tp-^ 0{K'E"F^) with j = n-i, 



V(a)(6(/,0,0))=V(a)(Jr')=9', 
i^{a){b{l, 2, 1)) = i;{a){q^K'E'F) = q'+\ 

i,{c)(b{lXO)) = Hc){K'F)=q-\ 
ij{d){b{l,0,0))=^id){K')=q-'. 



Theorem 5.2. Let V = {Vi, : / G Vq, a G I>i) be a k-representation of the 
quiver V satisfying the following conditions: 

(i) //II //"'^ = q'ftP ° //'^ ^ e z. 

(^iij For any m, G V;, fi^\m) = /or aZ/ but finitely many v G X, where 

//''^=/p(")./r=^^k. 

Then M = is a Ze/t SLq{2) -module via 

a. m ~ q^m + q^~^ fi^' '^\m), 

b. m = q^~^fl^\m), 
cm = q J I [mj, 
d.m := q^^m, 

for each m G Vj, / G Z, where q is not a root of unity. 

Proof By Theorem 4.3 M = V; is a right C/q(s?2)-comodule via 

neNoO<i<n ' 

where u is a fixed element in /" with \Ty\ = i, and m G Vi, Z G Z. By (5.1), M 
becomes a left S'L5(2)-module via 

neNo 0<i<n ' 
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It follows that for each m G V;, / e Z, we have 

a. m = i^iami, 0, 0))m + ^(a)(6a, 2, 1)) ^' ^ \' 

b. m = mm, 1, i))4|ir ^ 

cm = V(c)(6(Z, 1, 0))^^^^ = 
d.m := tp{d){b{l, 0, 0))m = g"'m. 



Theorem 5.2 permits us to write out explicitly the following examples of SLq{2)- 
modules. 

Example 5.3. Let A be the quantum plane generated by X and Y subject to 

the relation XY = q^YX , and U be a left A-module, where q is not a root of 
unity. Let I be an integer and n a non-negative integer. For any element u G U 
and 1 < i < n + 1, let {7"+^ denote the direct sum of the copies of U, and Ui 
denote the element in U"'^^ with the i-th component being u and other components 
being 0. Then by Theorem 5.2 and Example J^.^, the copy [7"+^ becomes a left 
SLq{2)-module with the following actions : 

aui = q^^^^^Ui-\- q^^^~'^YXui-2, 3<z<n + l, awi = 0, otherise, 

bu = q^^^^^ Xui-i, 2 <i <n+l, bui = 0, otherise, 

cu, = g~*-*"'"'~^'yuj_i, 2<i<n + l, cu, = 0, otherise, 

dui = q-'^'+^-^^Ui, Vi . 

Example 5.4. Let V be a k-space of dimension n + 1, n G No, with basis 
vo,vi, - ■ ■ ,Vn. Let I be an integer, and q G k be not a root of i 



(i) Let X G k. Then by Theorem 5.2 and Example 4-5(i), V becomes a left 
SLq{2)-module via the following actions, which is denoted again by M(^i^n,x) 



a.Vi 


= q'+\ + Xq-'^+'+'^-\.2, 


2<i<n, 


a.Vi 


= q'+'v,, 


i = 0,l, 


b.Vi 


= q'+'-\-U 


1 <i <n, 


b.vo 


= 0, 




C.Vi 


= Xq-^^+'-'vi_u 


1 <i < n, 


C.Vo 


= 0, 




d.Vi 


= q-^^+%i, 


Vi. 
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(ii) By Theorem 5.2 and Example 4-5(ii), V also becomes a left SLq{2)-module 
via the following actions, which is denoted again by M(^i^n,oo) 



a-Vi 




V i, 


b.Vi 


= 0, 


V i, 


C.Vi 


= q-^'+'^Vi.„ 


1 < i < n, 


C.Vo 


= 0, 




d.Vi 







Note that M(^i_n,\) with Z G Z, n G No, A G A;U{oo} are indecomposable, pairwise 
non-isomorphic SLq{2) -modules. 
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